The effective charge and the dynamical electron mass are calculated non-perturbatively in strong coupling 3+1 dimensional quantum electrodynamics. Within the formalism of Dyson-Schwinger equations we solve the coupled equation for electron and photon propagator in Landau gauge. We restrict ourselves on the choice of Ball-Chiu vertex which is the minimal Anstaze for maintaing the gauge covariance. The solutions obtained in Euclidean space and the ones calculted in a frame of Minkowski space spectral technique are compared. The triviality of explicitly massive electron QED requires implementation of UV cutoff and the theory is regarded as low energy effective model. The triviality statement leads to certain difference between the spectral and the Euclidean solutions. The difference from the case of zero bare electron mass is stressed.
Introduction
The coupled Dyson-Schwinger equations (DSE's) for fermion and photon propagators are solved simultaneously together with Ward-Takahashi identity (WTI) constrained boson-fermion-antifermion vertex. Proposed paper represents logical continuation of the numerical study [1] where the same methods of solving DSE's were already applied and compared in the simplest truncation of DSE's system. Going beyond quenched approximation requires the ussage of gauge covariant truncation of DSE system. For this purpose we adopt the minimal gauge covariant vertex Ansatze-the so called Ball-Chiu vertex [2] which prevent us from some complicated solution for three point vertex function (for the planar approximation solved in Euclidean space see [3] , similar treatment in Minkowski space has not been done yet). Since we do not take into account any transverse corrections we restrict ourself on the use of Landau gauge fixing. Their effect is negligible in this special gauge as it is known from the amount of studies [4] , [5] .
We also calculated the propagators in unquenched but bare vertex approximation. In that case the vacuum polarization tenzor is not gauge invariant leaving us with two independent scalar functions. Therefore we project polarization tensor function to be transverse and then solve the equations numerically. As it was expected the results obtained in Landau gauge are very close to the results calculated in fully gauge covariant manner. Among the other covarinat gauges this pleasant but extraordinary property of Landau gauge fixing makes the solutions of DSE's with the bare vertex approximation reliable. It is worthwile meaning that the similar signal can be read in the study of quark sector in QCD [3] , [6] . However the transverse projection by hand is theoreticaly unjustified it offers a simple sophisticated estimation of solution. In fact it should make the usage of bare gauge vertices satisfactory in Landau like gauges when more complicated models based on the gauge theories (extended technicolor etc. [7] , [8] , [9] ), are studied. Until now there is still an open window to have such scenario actually in a game [10] , [9] . The main motivation of this paper is not a deep study of strong QED and/or the numerical exhibition of its triviality but the comparison of two sophisticated methods which are offten explored for this purpose (even the certain version of spectral technique was already explored at this context [11] ).
There is a general believe that the propagator of unconfined particles like leptons or W ± , Z bosons posses the spectral representaion with dominant part driven by free like density ≃ δ(p 2 − M 2 ) where M is a physical gauge invariant mass of the appropriate particle. To recognize the physical and/or resonant mass with the appropriate width is rather nontrivial issue. Whether the physical masses are reproduced in a given model or whether the strong interaction under investigation leads to the unwanted confinement of observed particle is also non-trivial question. In Euclidean approach, the best approximation of physical mass is the the calculate in zero momentum. There is chance that these questions may be answered (or at least clarified) when spectral approach is used. For instance, we are awared that the underlying theory could be somehow different from QCD (chiral symmetry beraking and mass generation goes by hand with confinement) and even the abelian gauge theory like QED here because when the mass starts to be dynamically generated then the electrons appear to be confined too [12] , [1] . Neverthelless, the strong coupling QED remains as an instructive tool for its 'simplicity' and the proposed technique should be helpfull elsewhere.
In the next text we review the basic elements which we will dealing with. The three lowest Dyson-Schwinger equations written symbolically are:
Here S is the full fermion propagator which is completed from two scalar functions A, B , conventionally defined like
The first equation in (1) then appears to be a coupled set of two scalar equations for the functions A, B or equivalently for the dynamical mass M = B/A and the electron renormalization function F = A −1 (this is a commonly used name in the DSE's studies, the part of F may be absorbed into the electron renormalization field strength constant). When the interaction is neglected the Eq. (2) reduces to the free propagator formula: S −1 0 = p − m 0 , here m 0 represents bare electron mass. The second Rel. in (1) represents the equation for sixteen Lorentz components and can be reduced to the one equation for polarization function Π defined like
which is a profit of gauge invariance q µ Π µν = 0. The function G µν 0 is a quenched approximated (Π = 0) full photon propagator which is purely transverse in Landau gauge
The functions Γ µ L and Γ µ T in (1) are longitudinal a transversal parts of the full vertex Γ µ . Multiplying them by the photon momentum p − l , the second of them vanishes while the first leads to the WTI
It is known that WTI within the requirement of regularity uniquely determine the longitudinal part of the vertex [2] :
This minimal version of the gauge covariant vertex naturally agrees with the perturbation theory result for Γ L [13] and any other known Ansatze necessarily differs by the transversal part Γ T only. The most widely used improving Ansatze known under the name Curtis-Pennington vertex [14] ensures the multiplicative renormalizability and makes the solutions on Dynamical chiral symmetry breaking (DCSB) approximately gauge fixing independent. As was mentioned above the solution in landau gauge recieves only a tiny correction for quenched solution of electron propagtor. Furthermore, we should mention here that it leads to the unphysical singularity in polarization function when it is used beyond quenched approximation [5] [15]. Although not shown here explicitly, this property leads to the inner inconsistency when one attempts to derive the appropriate dispersion relation and therefore the comparison with spectral technique would not be possible. Note here, that instead of making an Ansatze on the transverse form Γ T one can always make a skeleton expansion of the selfenergy and higher proper vertices [16] . It would consistently assure the presence of transversal vertex in given order of skeleton expansion in the effective action (-the functional on which base the DSE's are derived) but then the solutions would be affected by unpleasant but controlled violation of the gauge covariance beyond a given approximation. In this place, we should mention the result obtained by a gauge technique [17] which assure the gauge covariance of the vertex to e 3 and consequently to e 4 of the fermion selfenergy. Also a very promising exception (since gauge fixing independent!) seems to be the pinch technique redefinition of the original Green functions into their gauge independent counter-partners. The encouraging development has been reached from the gauge theory with the Abelian gauge group [18] , through the non-Abelian gauge group in symmetric phase [18] , [19] , symmetry breaking phase [20] and very recently the pinch technique was proved to the all order in perturbative QCD [21] ( the original famous paper [22] dealing with the pinch technique in Dyson-Schwinger formalism does not avow any extent in this formalism).
In this paper we make a careful analysis of QED with explicit chiral symmetry breaking by a non-zero Lagrangian mass m 0 . In opposite to quenched ECSB QED the introduction of ultraviolet cutoff function f (Λ) is always necessary because of the QED triviality. This observation is strongly confirmed by our numerical analysis, however the function f (Λ) can be chosen rather arbitrary. Of course, the knowledge about the connection with model where the appropriate cutoff is more physical or with the fundamental theory would be ideal. Here we are not interested in theories describing the physical modes above the scale Λ and we put with enunciation that 'without Λ the strong coupling QED is trivial and the appropriate solution of DSE's (Euclidean and spectral as well as) collapse due to the presence of Landau singularity [23] .
In Landau gauge and ladder approximation of the electron DSE there is no self-energy contribution to the electron renormalization function since the Feynman (F) pole part of photon propagator G µν is exactly beaten by the contribution from longitudinal (LO) q µ q ν part of G µν . Explicitly their absorptive parts:
leads to the result A = A F + A LO = 1 (here σ v (a) is Dirac coefficient Lehmann function (see bellow (10) ,m is a physical (pole) electron mass). It is also rather well known that the property A ≃ 1 persists beyond the bare vertex approximation and even A = 1 is exactly valid in angle approximation [24] . The study of dynamical mass generation in unquenched supercritical QED [5] , [24] seems to justify our approximation with at most ten percentage deviation in the infrared. In order to reduce the complicated hierarchy of coupled equations we explore this Landau gauge pecularity and we explicitly put A = 1 for all momenta. Note for completeness that the aforementioned approximation has not any effect on the gauge covariance of the vertex Γ µ and that the polarization photon tensor remains purely transverse.
In the next text we adopt rather standard notation for the renormalization constants Z 1 ,Z 2 and Z 3 (see for instance [25] ). From the approximation employed it follows that Z 1 = Z 2 = 1 which is in agreement with requirement of the multiplicative renormalizability and WTI. Furthermore, dealing with unquenched QED the unrenormalized vacuum polarization Π(µ) should be absorbed into the renormalization constant Z 3 . Similarly, dealing with the explicit massive QED electron the unrenormalized self-energy T rΣ(µ)/4 is absorbed into the constant Z m . Like in the paper [1] the Euclidean results are compared with the result obtained within the help of spectral technique. We introduce the cutoff Λ S into the spectral representation of Green function when dealing DSE's in Minkowski space directly while for the purpose of numerical solution we introduce hard UV cutoff Λ E into the Euclidean DSE's. In the both cases we use the momentum subtraction renormalization scheme to renormalize the appropriate Green functions. Although, in some ordinary behaving theory these two procedures become clearly equivalent when Λ S , Λ E → ∞ (leaving us with the same renormalized function and the same infinite counter-terms) these two scheme appear to be inequivalent when the cutoff remains finite (even rather large). Since the triviality follows from the running of the effective charge we compare with the solutions where the effective charges do not run and where the regularization scheme independence is known. For this comparison we also display the (numerically improved) rainbow, quenched solutions of electron DSE in subcritical regime of couplings [1] . Remind that the quenched QED is not trivial since the above mentioned limits can be safely taken and in fact the electron gap equation is sometimes regarded as a certain approximation of some fundamental non-abelian theory with very slowly running (walking) coupling where the radiative corrections cancel against themselves.
The layout of the article is following: In next two sections we review the appropriate Euclidean and Minkowski treatment of Dyson-Schwinger formalism. The introduction of the cutoffs is described in the section which follows. In the last section we present the numerical results.
Euclidean approach
The common approach is to solve DSE's after the performing the so called Wick rotation k o → k 1E at each momentum that appears in the set of DSE's (1). Then the appropriate loop integrals should be free of singularities and the Schwinger functions can be solved for positive Euclidean momentum k 2 E = k 2 1 +k 2 2 +k 2 3 +k 2 4 . If there is no additional singularity in the complex plane of momenta that would prohibit the validity of the naive Wick rotation then after finding a solution for some function f (p 2 E ) we also know the solution for Minkowski spacelike momentum f (p 2 M ); p 2 < 0. The timelike solution should be principally obtained by the analytical continuation of f to the real axis p 2 M > 0. Here, because of QED triviality in four dimensions the previous assumption about non-singular behavior is satisfied only with the presence of UV cutoff. We anticipate here, that any numerical sophisticated attempt to avoid UV cutoff implementation has leaded to uncontrolled behavior of the Gellmann-Low effective charge. The presence of the ultraviolet cutoff is always required not only due to the inner consistence (Wick rotation) but also due to the stability of our numerical calculation.
Let us turn our attention to the Euclidean gap equation. Substituting the Ball-Chiu vertex into the DSE's and adopting the projection proposed in [15] and already succesfully used in the papers [5] , [26] we obtain the following coupled DSE's to be solved numerically:
where α = e 2 4π and the variables x, y, z represent squares of Euclidean momenta z = x + y − 2 √ yx cos θ. For details of the derivation of (8), (9) we refer the reader to the papers [15] , [5] . The gauge invariance q µ Π µν = 0 tell us that there is neither function which would be proportional only to longitudinal tensor and not to the metric one. In the DSE's formalism the gauge invariance of Π µν can be regarded as the consequence of the gauge covariance of the Ball-Chiu vertex (since the transversality is derivable from the photon DSE and WTI for the vertex). Actually this fact helped the authors of [15] to construct simple receipt how to avoid quadratical divergence which would be otherwise numerically presented in equation for Π. Anticipate here that it is convenient to use the same projection also in our Minkowski calculation but we should stress the reason of technical convenience and not numerical neccessity there.
The first line inside the brackets [] of the Eq. (8) and the first term in the brackets [] of Rel. (9) represent the kernels of the bare vertex approximation. They follow from the pure γ µ part of the vertex Γ and they give dominant contributions to the dynamical mass of electron and the vacuum polarization as well. If one neglects the vacuum polarization effect in the Eq. (8) then the equation for M can be further simplified. This so called ladder approximation of fermion DSE is represented by one dimensional momentum integral equation first derived in ref. [27] , and also used in the context of Euclidean confinement study [12] .
Direct treatment in Minkowski space
In unconfined phase of the theory one can expect the validity of the axiomatic proof of Lehmann representation (LR). The appropriate LR for the fermion propagator in parity conserved theory reads
where we have integrated out the single particle state contribution to the full Lehmann weight σ (1.p.s.) (a) = r f δ(a − m 2 ). The remainder term σ (c) is assumed or supposed to be a real and continuous spectral density that originates from the interaction. Similarly for the photon propagator we can write in linear covariant gauges
where the single photon spectrum r P δ(b) can be integrated out as in the previous case.
In the opposite side the real momentum axis singularity of the type p 0 = ± p 2 + m 2 should vanish for the propagator describing confined particle. In that case the absence of LR is expected [28] , [29] , [1] .
At this stage we do not know the analytical approach that could be consistently used for confining theory too. However, due to this fact, next treatment will concern on the subcritical theory only but one can still assume that the spectral representation makes a sense even in nonperturbative domain of the coupling constant ( in the sense that the pole part of σ ′ s does not need represent such a dominant contribution as it is usually in the case of perturbation theory consideration).
In the Section 4.2 the dispersion relation formula for renormalized fermion function B
is derived, here m(µ) is the renormalized mass at the scale µ. Similar relation would be derived for the function A, here A = 1 and therefore the function B represents renormgroup quantity itself.
Renormalized photon polarization function in momentum subtraction scheme is:
where we distinguish two possibly different renormalization scales µ, µ ′ . The appropriate renormalization accompanied by the detailed derivation of dispersion relations (12) and (13) is presented in next two chapters separately. We will see that absorptive part of mass πρ s and the absorptive part of polarization function πρ are given by the multidimensional integral equation with the Lehmann spectral function integral variables and whereas the number of spectral integral is given just by the number of propagators and proper vertices that appear in the loops of the original momentum DSE's. The Lehmann functions σ ′ s (together with the function ρ s itself) forms the kernel of these integrands. These two equations are further completed by two additional equations for the σ ′ s, the form of them is independent on the truncation DSE's system.
Being not yet reviewed in the literature we present the appropriate derivation for the photon case. For this purpose we remind here the well known functional identity for distributions
where P. stands for principal value integration. Using the LR for G αβ and the appropriate DR for Π in G −1 and evaluating the imaginary part of the unit tensor G −1 αβ G βγ one can arrive to the resultant integral equation:
where we have adopted a brief notation for real functional:
Note that the both Rels. (15) and (16) are non-zero only for timelike square of momenta a (here a > T = 4m 2 ). Repeating similar step for the electron we can arrive to the equation for the electron Lehmann weights:
which are non-zero only for the timelike ω > m 2 .
The relation for the physical electron mass follows from its definition S −1 (p = m) = 0 or equivalently M (m) = m. Using the dispersion relation (12) the desired relation reads:
The residuum value r of pole part of the propagator is already established when the renormalization procedure is done. Note here, that in the case of the electron propagator r can not be derived by taking limit p → m in general, it has no pure pole structure at the point p 2 = m 2 . The easiest way to evaluate r is the inspection of the real part of the above mentioned identity S −1 S = 1 evaluated at some arbitrary scale p 2 . Choosing for instance p = 0 the desired relation is
which prevents us from complicated infrared singularitis. Clearly, it exactly conicides with the reziduum of the propagator when it is properly defined. Now we have converted the original momentum space DSE's into coupled set of the Unitary Equations (UE's) (15) + (17) complemented by the subsidiary condition for the residua and thresholds which are uniquely given by the relations (18) and (19) .
To solve UE's means to calculate these six integral equations simultaneously at all the positive regimes of spectral variables whereas the appropriate spectral functions are non-zero. Any internal inconsistency (for instance spacelike Green functions singularities we discussed in the introduction) should be seen or felt when the UE's are actually solved. The original momentum space Green functions are then obtained through the dispersion relation for the proper function or equivalently by the integration of the spectral representation for the full connected propagators S, G. Checking (numerically) this equivalence serves as a control of the method internal consistence. When compared with the Euclidean approach the clear advantage of spectral approach is the "already known" analytical continuation at all momenta but the disadvantage is failure of the spectral approach in the regime where the assumptions are not justified.
Photon propagator
Having gauge fixing established the photon propagator is fully determined by the gauge independent polarization function. We will describe the derivation of one subtracted DR which is the result of applying the momentum space subtraction procedure to photon polarization tensor. Before turning our attention to the general loop integral we review the method in its perturbative context.
In 4 + ε dimensions and for spacelike momentum q 2 < 0 the polarization function can be written through one loop as [30] 
where µ t ′ H is t'Hooft dimensionfull scale. The mass-shell subtraction scheme defines Z 3 so that Π M ASS R (0) = 0 which implies that the photon propagator behaves as free one near q 2 = 0. Choosing δZ 3 to cancel entire O(e 2 ) correction we find
and renormalized polarization function in mass-shell renormalization prescription satisfies well known dispersion relation
with the absorptive part
result of which is reviewed in most of the standard textbook (see for instance [31] , where the result of the integration in (22) is written also for timelike momenta). Remind here, that the one loop Π M ASS R represents also selfenergy calculated in the popularM S scheme for the special choice of t'Hooft scale µ t ′ H = m [32] ). We end this perturbative introduction with the definition of the off-shell momentum space subtraction. This procedure is defined by δZ 3 = Π(µ 2 ). Making redefinition of the electron charge accompanied by the finite subtraction of (22) we can immediately write down desired dispersion relation (13) . Now we turn our attention to the derivation of momentum space subtracted Π R (p 2 , µ 2 ) with the dressed propagators and with the full Ball-Chiu vertex implemented. As we have already mentioned in the previous chapter the validity of Ward-Takahashi identity for Γ BC naturally must lead to the transverzality of the polarization tensor
where P µν T = (g µν − q µ qν q 2 ) is the transverse projector and capital (R) means that renormalized tensor (24) must respect gauge symmetry of unrenormalized (U) one.
If we require validity of the relation Π M ASS R (0) = 0 for truly massless photon then it should be a consequence of the receipt
with any value of the constant C applied on the full polarization tensor
where the explicit dependence of Ball-Chiu vertex on fermionic momenta reads:
As soon as we use WTI constrained vertex the C independence of resulting Π is evident but the right choice of C facilitates derivation of DR in demand. The reason is that the Pennington-Bloch [15] projector
cancels the contribution from d+1 space-time metric tensor g µν and it actually makes the appropriate calculation more brief. It is also intersting to see what happens when applying P
µν to various part of Π that follows from different terms of Ball-Chiu vertex.
Let us use the above described receipt for derivation of Π R
onto the pure γ µ contribution to Γ µ L . Substituting the spectral representation (10) to the expression for photon polarization function (29) , (26) then the expression to be evaluated is
From this point we omit the spectral integral and it is assumed that the presence of any spectral function with given arguments automatically implies integration over these arguments variable. Since we will include explicitly the boundaries (thresholds) in various step functions in the integral kernels the all integral can be taken like 
The remaining integral is logarithmic divergent and leads to the finite dispersion relation when is subtracted
Although the procedure is rather straightforward we review the intermediate steps of the derivation for completeness. The subtracting procedure in (32) should look like
where after the loop momentum integration the substitution z → ω; ω =
z was made. Changing the order of the integration and integrating over the x (the appropriate integrals can be find in the Appendix A) we obtain the desired DR:
where ∆ is the well known triangle function
Considering only the delta function parts of spectral functions, i.e. r f δ(x − m 2 ) for σ v (x) we have just rederived one loop perturbative result (23) (up to the presence of electron propagator residuum r f , which is assumed to be close to 1 when the coupling is small) :
Here we can immediately see that Π R (0, 0) = 0 as it was required and that the using of projector P d naturally copy the perturbation theory in its lowest order. Using the receipt (29) we can continue our derivation for the part of the polarization function with the substituted remaining term of Ball-Chiu vertex (second term in rhs. of Rel. (27) ). First we drop out the part of the vertex which is proportional to l (because of the transverzality photon propagator) and take a trace then we can arrive to following finite loop integral:
The intermediate steps of the appropriate DR derivation are revealed in the Appendix B and we simply review the result here. The full polarization function with the Ball-Chiu vertex satisfies one subtracted DR
where ρ (γµ) follows from (34) and ρ (rem.) from (37) (resp. (63)). They are:
These results in their full form have been actually used in our numerical calculation. No principal value integral is necessary and the whole integrand has a regular limit when one spectral variable approaches to the another one. Here we only remind the reader that the ordinary integrals over the spectral variables a, b, c are automatically assumed. The function πρ S(c) is simply ℑmM (ω) and it is evaluated in the next section.
Fermion propagator
In this section we show that the Ball-Chiu vertex Ansatze
substituted to the electron selfenergy
together with the assumed LR for electron (10) and photon propagator (11) leads to the dispersion formula for the dynamical mass (12) . In F = 1 approximation we can write
where we have adopted conventions established in the previous section. Relating bare mass and the renormalized one by m o = Z m (µ)m(µ) and absorbing Σ(p = µ) into the mass renormalization constant Z m (µ) leaves us with the finite mass m(µ) and finite DR for µ independent dynamical mass function (12) . Let us turn our attention to the pure γ µ matrix part of the Γ L in Σ. It gives following DR:
(the derivation is straightforward, see for instance Appendix of the paper [1] ) and this is also a dominant momentum dependent part of M . This statement is approximatelly valid for all α and for all momenta. In addition we are enforced to use the relation that we wish to derived. Using the remainder terms in Ball-Chiu vertex (40) we have following contribution to M :
where we have self-consistently used the formula for difference of DR's of M 's:
After a little algebra and using the Feynman parameterization we can arrive to the following result for (44):
Matching together two l-dependent denominators in (46), using z variables for this purpose and making a shift l =l + pz and integrating over the momentuml yields the (UV finite as it was from the beginning) result:
It is now easy to write down the DR that follows from (47). Some details of its derivation is captured in the Appendix C. The 'dominant' part that follows from pure pole β = 0 of the photon propagator then explicitly reads
Thus the knowledge about DR for dynamical fermion mass is completed:
Anticipate here that already the 'dominant part' (48) that follows from pole part of the propagator gives only imperceptible changes to the full ℑmM rem (which is expected in Landau gauge). Further the continuous part of σ γ gives the contribution which is fully negligible when compared with the desired numerical accuracy and we fully neglect it in our numerical treatment.
Solving the DSE's -(Re-)Introduction of cut-offs
Among infinity many possibilities we choose the simplest cutoff functions in our lsEuclidean treatment. The Heaviside step function Θ(k 2 E − Λ 2 E ) has been introduced into the kernel of Euclidean DSE's and thus we have
dy instead of ∞ 0 dy in the equations (8), (9) . This is done not only when the appropriate term in the kernel leads to the possible ultraviolet divergence but in any case.
In a bit different spirit the large spectral cutoff has been also introduced by hand into our Unitary equations. The loop momentum integrals were finite because of analytical subtractions and they have been integrated without any momentum cutoff. This is the basic difference of the proposed approach and the usual Euclidean treatment. Such spectral cutoff is sufficient to regularize growing of the running coupling and being the cutoff in timelike modes of momenta it can be regarded as more physical then the introduction of the naive hard Euclidean cutoff. Note at this place that this cutoff implementation are fully equivalent in the non-trivial model. For this purpose we solve the gap equation for fermion in quenched, rainbow approximation which is not the trivial model and cutoff can be sent to infinity. Keeping it finite but large we can see in Fig.1 .that the spectral and Euclidean method of DSE's solution converges approximately to the same result. Only remind the reader here, that this is true only for the case with ECSB. The phenomenon of DCSB crutialy depends on cutoff even in the same approximation. This fact was proved in analytical form [33] , [34] and many times confirmed numerically [4] .
From the obtained solutions for σ ′ s, ρ ′ s the Green functions are calculted and they can be interpted as a physical ones only when |k 2 | << Λ 2 S . Clearly, DR's then offer also the solution for momenta larger then Λ S where we are beyond the border of the effective theory . On the other side, these calculation should serve as a check of selfconsistence: Only if there are no unphysical singularities for all the regime of momenta k 2 ∈ (−∞, ∞) then only in such case we were justified to integrate over the all momenta during our DR's derivation. To be more accurate we also require that the dispersion relation
does not acquire large contribution for |s| > Λ 2 S when compared with its effect in the physical domain |s| < Λ 2 S . We have found that this requirement is satisfied when α(p 2 = Λ 2 S ) is at least several orders far from its Landau singularity. This procedure of cutoff implementation and its consistence checking is the possible one and perhaps the simplest from technical point of view. In order to imagine possible complications let us consider the Pauli-Villars prescription for the electron propagator
which is acceptable in the both-Minkowski and Euclidean formalism. Although it would more close the spectral result to the Euclidean one, but inhuman evaluation of number spectral integrals is required. From the practical point of view the method actually used in this paper represents a reasonable tool for calculation of time-like Green functions.
Numerical solution and results
The resulting coupled nonlinear integral unitary equations (15), (17) for photon and electron Lehmann functions accompanied by the equation for absorptive part of self-energies (39,43+67) and necessary conditions (18, 19) completes the set of equations that have been numerically solved. The Minkowski solution of effective charge was then calculated through the DR for polarization function Π. Similarly the dynamical mass of the electron has been obtained from the appropriate DR for M (49). Within the iterative scheme the stable and accurate solutions were obtain. Taking a reasonable density of the integration mash points the principal value integrations that appear in UE's have been performed by the introduction of finite ǫ in the closure of the pole. The parameter ǫ was taken typically several times larger then the size of integration weight at the position of pole. We have found that afteradopting this method the solution procedure is more easy manageable then the subtraction method used in the earlier authors work [1] . The spectral cutoff was chosen as Λ 2 = 10 9 m(0) 2 and renormalized mass m(0) then scale all the physics. Furthermore we take m(0) = 1, the physical mass m(m) (and hence all the spectral integral boundaries) was calculated for each coupling thorough iterations. The effective charge which is defined as low energy (µ 2 = 0) running coupling
in this paper. If we use the shorthand notation α(0) (or simply α) we always mean α(0, 0, Λ). The definition (52) is more convenient for comparison with perturbation theory noting that the almost all studies devoted to the strong coupling QED study refers α(Λ).
When the coupling of massive theory increases to its critical value α c = π/3 then the electron propagator looses its LR [1] because the timelike branch point vanishes and confinement appears [12] , [1] . It is notable that this phenomena occurs for the same critical value of α in massless QED where DCSB occurs too (remind m 0 = 0 but M (p 2 , Λ) = 0 in DCSB case ). Also the unquenched QED leads to the DCSB when α U (Λ) > 2.0 (see [5] for a review) too. But in unquenched ECSB case the situation appears to be somehow different. We have found that there is no possibility to find the solution of unitary equations for certain (cutoff dependent) large renormalized effective charge α > 0.5 but the reason is the Landau singularity positioned at p 2 = Λ 2 , i.e. α R c (p 2 = Λ 2 , µ 2 = 0, Λ 2 = 10 9 ) → ∞ when we choose its renormalized value to be α R c (p 2 = 0, µ 2 = 0, Λ 2 = 10 9 m 2 (0)) = 0.5. From this point the solutions for two theories-massive and massless electron QED are completely unrelated. Here we compare the results obtained in Euclidean and Minkowski space for massive QED and leave the comments on the supercritical phase of unquenched QED to the paper [35] .
We use the same renormalization point µ 2 = 0 in our Euclidean calculation and take Λ E = Λ. In opposite to the spectral treatment we are not able to integrate over the momenta analytically and we must perform the subtraction numerically in (8), (9) . Let us note that one has to use the limit
in the subtraction term because of zero renormalization scale. Contrary to the ladder and/or unquenched DCSB case there is no known similar Euclidean result on the massive QED in the literature and the solution in this paper is presented first time .
Within the fixed parameters as described above the system of DSE's has been solved. The apparent signal for Landau singularity can be seen in Fig.2 where we present Euclidean solutions. The 'Landau pole' appears approximately for α = 0.5 somewhere near to the crossing of momentum cutoff Λ. The comparison between effective charges calculated within two methods used thorough this work is displayed in Fig.3 . The obvious discrepance appears when the coupling is large as α ≃ 0.2. The numerical solutions on dynamical electron mass are displayed in Fig. 4 (timelike regime) and 5 (spacelike regime). From the Fig.5 we can see that the difference in dynamical masses obtained by our two methods is even worse. The radiative corrections calculated in Minkowski space thorough the UE's have become over-estimated rather early. The difference follows from the inequivalent cutoff implementation and consequently different definitions of the running coupling in the both approaches. It leads us to the conclusion that the triviality of QED constrains the applicability of the direct Minkowski method much early then the Euclidean one.
A Assorted Integrals
We review several useful relation in this Appendix. The following integral has been many time used in the last step of evaluation of DR's:
where a, b are positive real numbers. The results for the several first n is
where ∆ is well known triangle function (35) . The variable x in (54) follows from Feynman parametrization of product of the inverse scalar propagators D 1,2 :
or from the difference of the propagators D 1,2
B Derivation of Π R(rem.)
In this Appendix we derive DR for the function Π U (rem.) . For this purpose we formally interchange the labeling of the variables a ↔ b in the second term of the second line in Rel. (37). Further we make the substitution l → −l + q. It leads to the following result
where we have used the dispersion relation formula for M (12) in order to evaluate their shifted argument difference:
which is invariant under the shift l → −l + q.
In the next it is convenient to rewrite the product of four denominators in (58) like
It is sufficient to deal with one term only in rhs. of (60), the others will be obtained by simple changing of the spectral variables (the logarithmic divergence appears but it cancel against the same contribution of three remaining terms). For instance choosing the variable a, c for this purpose and taking a shift x → 1 − x it leads after the subtraction to the following formula:
Integrating over the Feynman variable x yields
where X n is the shorthand notation for the function X n (ω, c, a) reviewed in the Appendix A. Putting the all together we can write down dispersion relation for the polarization function Π R(rem.) :
C Dispersion relation for M (rem)
We derive the absorptive part of Rel. (48) in this Appendix. We start from the relation (47) and we consider here the dominant contribution that follows from the pole of photon propagator, i.e. σ γ (b) = r γ δ(β). In addition we make the substitution Ω = ax+o(1−x) 1−z which leads to the following double dispersion integral:
Only kick left is to use algebraic identity
and rewrite the double DR to the difference of single DR's. After the introduction into the (65) we relabel Ω → ω, o → u in the first term and int the function that multiplies this term in integrand of (65) whilst all the arguments that belong to the second term are relabeled like Ω → u, o → ω. This cosmetic leads to the unsubtracted DR: 3p 2 e 2 2(4π) 2 P. 
Taking a subtraction at the point µ we get for M (rem.) (p 2 ) one subtracted DR with the appropriate weight function ρ (rem.) . After a little algebra it reads ρ (rem.) (ω) = 3e 2 2(4π) 2 P. Figure 5 : The dynamical mass of the electron as they have been obtained by solving Euclidean gap equations (the lines labeled by the letter E) and by solving unitary equations for spectral density (S). The dashed line shows the insensitivity to the infrared physic, the unitary equations have been calculated with the very large infrared spectral cutoff ǫ = 0.5m 2 .
